Instead of the Ginsparg-Wilson relation we only require generalized chiral symmetry and show that this results in a larger class of Dirac operators describing massless fermions and that this still leads properly to Weyl fermions and to chiral gauge theories. Using spectral representations we obtain detailed properties. The index as well as the gauge anomaly turn out to depend only on a basic unitary operator. We discuss several special cases of the class.
Introduction
In a large part of the works on chiral fermions the Dirac operator D is required to satisfy the Ginsparg-Wilson (GW) relation [1] In the present paper we observe that (1.4) is a weaker condition than the GW relation (1.1). Therefore, instead of (1.1) and (1.2) as are usually imposed, we here only require (1.4) and (1.2) and investigate the resulting larger class of Dirac operators. We note that using (1.2) one gets from (1.4) 5) by which it follows that V and D commute and that D is normal,
To account for this we require D to be a function of V (i.e. to depend on V and possibly on constants, however, not on other operators).
To obtain detailed properties of the functions D = F (V ), in Section 2 we use spectral representations. In addition to the general conditions (1.4) and (1.2), we require that F allows for a nonvanishing index. In Section 3 we discuss several special cases of the class of Dirac operators. In Section 4 we show that our conditions still lead properly to Weyl operators and to chiral gauge theories. Section 5 contains conclusions and summary.
Properties from spectral representation
On the finite lattice V has the spectral representation V = k v k P k with eigenvalues satisfying |v k | = 1 and orthogonal projections P k = P † k . Therefore the functions F (V ) can be represented by
Using γ 5 -hermiticity we get the more detailed form
in which the projections satisfy
The spectral representation of D = F (V ) then becomes
Since (2.3) should generally hold, inserting it into (1.2) and (1.5) one obtains conditions on the functions f (v) . We thus get
For v = e iϕ these conditions imply the form
where the function g(ϕ) has to satisfy
For v = −1 (2.5) with (2.4) gives no restriction while for v = 1 it requires
Denoting the dimensions of the right-handed and of the left-handed eigenspace for eigenvalue v = ±1 of V by N + (v) and N − (v), respectively, we have from (2.2) Tr
and one also finds
Adding up (2.10) and (2.11) the sum on the l.h.s. gets Tr(γ 5 1l) = 0 so that in any case
Because of (2.10) and (2.12), to admit a nonvanishing index we have to impose the condition
Further, according to (2.12) , to allow for a nonvanishing index one has also to require that in addition to 1 the eigenvalue −1 of V occurs. The sum rule (2.12) corresponds to the one found in Ref. [3] for the special case of Dirac operators which satisfy the GW relation (1.1). We now note that from (2.1) with (2.9) we have
so that with (2.12) we generally get for the index of the Dirac operators D
Thus it turns out that solely the operator V enters for the whole class. On the infinite lattice the unitary space, in which the operators act, gets of infinite dimension and, including limit elements, a Hilbert space. Then to the spectral representations (2.1) and (2.3) the continuous parts
respectively, are to be added in which the projector function E ϕ is purely continuous. However, the relations for the index do not change since the continuous spectrum does not contribute to them and because the trace Tr can still be defined [4] .
Special cases of class 3.1 Ginsparg-Wilson relation
The Dirac operators satisfying the GW relation (1.1) and (1.2) are the simplest special case of the class defined by (1.4) and (1.2). For these operators of form (1.3) it still remains to specify V . The overlap Dirac operator of Neuberger [5] is well-known to be of this form and to provide correct results. For operators V of the Cayley-transform type, of which one is implicit in a Dirac operator considered by Chiu [6] , this has recently be shown to be only possible in the limit [4] .
On the other hand, operators D satisfying the general GW relation {γ 5 , D} = 2Dγ 5 RD with nontrivial R do not belong to the class. In fact, with γ 5 -hermiticity of D and
the Dirac operator D is not normal, which is in contrast to what is required in (1.6).
Proposal of Fujikawa
The Dirac operators proposed by Fujikawa [7] satisfy
They are normal [8] ,
Using γ 5 -hermiticity one gets from (3.1)
Comparing this with (1.5), D + D † V = 0 , it follows that
which obviously is γ 5 -hermitian and using (3.2) can be checked to be indeed unitary. With this it follows that (1.4) is fulfilled so that the operators proposed in Ref. [7] are a special case of our general class. For D one obtains from (3.3) 4) which is the form of Refs. [7, 8] . The operator V is specified there in the notations −D
and −γ 5 H/ √ H 2 , respectively. To obtain the Dirac operator in the form D = F (V ) (which must not involve the additional operator γ 5 ) we note that because of D † = −DV † we can also write (3.3) as
where of the (2k + 1)-th roots (defined via the spectral representation of V ) the one which satisfies (2.4) is to be choosen. From (3.6) we get for the location of the eigenvalues of D
where of the (2k + 1)-th roots the real one is to be taken. This is obviously a special case of (2.6) with (2.7). 
Expansions in powers of
for which (2.8), f (1) = 0, is seen to hold. Condition (2.13) now gets the form
Obviously (1.3) is a special case of (3.8) and arises by putting c ν = ρδ ν0 . For the location of the eigenvalues of the Dirac operators (3.8) we obtain from the spectral representation
The set of functions r ν in (3.10) describes closed curves in the complex plane, namely rosettes with center at zero and 2ν + 1 leaves. In addition to meeting zero for ϕ = ±2πl/(2ν + 1) with l = 0, 1, . . . , ν, they meet the real axis at (−1) ν for ϕ = π. They are symmetric to the real axis and invariant with respect to rotations by angles ±2π/(2ν + 1) around zero. The eigenvalues of D thus are seen to reside on a closed curve given by the linear combination (3.10) of rosette functions. The rosette properties imply that this curve is symmetric to the real axis and meets this axis at zero and at the value (3.9).
Obviously (3.10) is of form (2.6) with (2.7), where the function g(ϕ) is given by the Fourier series g(ϕ) = 2 one gets uniform convergence.
A subclass of expansions
To obtain a particular realization of (3.8) one may, for example, for a given V try to fix the coefficients appropriately. We now do this for the V which occurs in the overlap Dirac operator [5] . In the free case and infinite volume one gets for the Fourier transforms of the powers of V for lattice spacing a → 0 (with m = −1)
where k µ = ap µ and where ∆ s denotes the shifts to the corners of the Brillouin zone. With (3.8) and (3.13) one obtains for the limit of the Fourier transform of the propagator at zero
and at the corners of the Brillouin zone
According to (3.14) the coefficients have to satisfy the additional condition
On the other hand, it is seen that (3.9) already makes (3.15) well-defined and providing suppression of doublers. Because only V enters (2.15) and since the overlap V is safely known to give the correct limit of the topological charge (see Ref. [9] for a rigorous proof and a discussion of literature) the correct result is also guaranteed here. Thus the more general operators given by (3.8) with this V and the coefficients subject to (3.9) and (3.16), and in case of infinitely many terms also to (3.12), are a valid special case of our general class.
Outlook
As illustrated by the examples in this Section, special realizations of the operators D of the class considered here require to specify the function F (V ) (with the conditions we have derived) as well as the operator V . Appropriate choices must lead to the correct continuum limits. Obviously there is a large variety of possibilities, which hopefully can be utilized to obtain more advantageous realizations in the future.
Weyl operators and chiral gauge theories
The chiral projection operators of the overlap formalism of Narayanan and Neuberger [10] and of the formulation of Lüscher [2] in our notation read (D−γ 5 Dγ 5 V ) and inserting γ 5 = P + −P − and γ 5 V =P + −P − into it we obtain
With this we have the relations
which generalize the expressions for the Weyl operators in terms of the Dirac operator familiar in continuum theory. With respect to possible forms of (4.3) one should be aware of the fact that the relations 4) allow to absorb parts of D . In the special case of the Dirac operator (1.3), with (4.4) one gets P + ρ(1 − V )P − = 2ρP +P− , which relates the different forms of the chiral determinant in Ref. [2] and in Ref. [10] , commented on in Refs. [11, 12] . Considering the general class of operators D here, we have to observe that (4.3) is the generally valid form and that modifications by (4.4) depend on the particular choice of D . Furthermore, we also note that for any operator C satisfying γ 5 C − Cγ 5 V = 0 one gets P ± DP ∓ = P ± (D + C)P ∓ , which provides another possibility to modify (4.3).
The matrix M jk = u † j Dũ k , occurring in the chiral determinant, involves vectors u j and u k which satisfy u † i u j = δ ij ,ũ † kũ l = δ kl , j u j u † j = P + , kũkũ † k =P − , and thus depend only on P + andP − , respectively. The expression giving the gauge anomaly [2] , 5) in which G describes the transformation in fermion space, follows from M jk only needing (4.3) for D . Similarly the latter suffices in the term resulting from the variation ofũ k . Correlation functions do also not need more. For (4.5), using (4.3) and (4.1), we obtain for the whole class 6) so that the gauge anomaly depends solely on V . Further developments in Ref. [2] require only relations with γ 5 V . Altogether it turns out that everywhere the more general principle of generalized chiral symmetry is sufficient and the GW relation is not needed.
Conclusions and summary
Instead of the Ginsparg-Wilson relation we have only required generalized chiral symmetry and shown that this results in a larger class of Dirac operators describing massless fermions. We have also pointed out that this class still leads properly to Weyl fermions and to chiral gauge theories. In this way generalized chiral symmetry has been found to be the more general principle.
In addition to generalized chiral symmetry and γ 5 -hermiticity we have required that the Dirac operators D allow for a nonvanishing index. To get detailed properties of the functional form D = F (V ), where V is a basic unitary operator, we have used spectral representations. The index has turned out to be generally given by 1 2 Tr(γ 5 V ) for the class. We have discussed the properties of several special cases of the class of Dirac operators, which has illustrated possible choices of functions F (V ) and operators V . The large variety of possibilities available for this has led to the hope that more advantageous realizations can be found in the future.
Questions concerning the form of the Weyl operators have been clarified. The gauge anomaly has been found to derive from the expression 1 2 Tr(Gγ 5 V ) for the whole class of operators.
